Imaging through scattering materials is of utmost importance, especially for security and biomedical imaging. Unlike the rest of the electromagnetic spectrum, terahertz radiation is a non-ionizing probe and allows imaging deep through non-conducting materials with sub-millimeter resolution. Here, we propose a coherent imaging technique reconstructing two objects, hidden one behind the other, from relative shifts between them. Experimental reconstructions at λ 96.5 μm of amplitude and phase objects hidden behind a glass fabric sample are presented. The hidden objects are retrieved with a lateral resolution of ≈1.5λ and a depth resolution of ≈λ∕10. Besides envisioning its use in noninvasive imaging, we anticipate that, in selected applications, the suggested approach can replace a similar phase retrieval technique, namely ptychography.
INTRODUCTION
Imaging through scattering materials is crucial in a number of scenarios, ranging from security to deep tissue imaging [1] . The wavelength of the electromagnetic radiation should be chosen according to the targeted application. The most intriguing feature of using terahertz (THz) radiation [2] is the ability of THz waves to penetrate several non-conducting and optically opaque materials, such as plastics, textiles, paper, and some building materials as well as intrinsic semiconductors. While this property is also shared by microwaves, THz radiation provides a better spatial resolution thanks to the shorter wavelength, thereby imaging hidden objects with sub-millimeter resolution [3, 4] . Experimental setups and techniques to image through THz-transparent materials have been put forward [5] [6] [7] , allowing THz non-destructive inspection to gradually approach industrial use [8] .
Owing to the non-ionizing nature of THz waves when they interact with living tissues, THz imaging through clothes is particularly interesting for the development of harmless security scanning systems [9] and of devices for health monitoring through wound dressings and casts for medical use [10] . While this aspect led to extensive investigation of THz spectral features of various fabrics [11, 12] , techniques to image through textiles have been limited to the low THz region. For example, in [9] a frequency-modulated continuous-wave (cw) radar system was designed, working below 1 THz, where the transmitted signal strength is higher but the imaging resolution is inevitably worse. Furthermore, the effect of the textile has been neglected or simply averaged out so far. However, being able to reconstruct not only the hidden object, but also the cover textile, is crucial in order to assess their interaction, e.g., when monitoring skin healing processes behind medical gauzes [5, 10] .
In this contribution, we report a phase retrieval technique allowing the simultaneous reconstruction of a cover object and one hidden behind it in a transmission geometry. The experimental setup includes a cw source and a two-dimensional array detector to record the resulting diffraction patterns. It is demonstrated with a THz laser at λ 96.5 μm (3.1 THz) and a glass fabric sample hiding an amplitude or a phase object. The method is based on diversity measurements; i.e., transverse and longitudinal displacements in the setup are employed to allow the coherent reconstruction of the objects. The combined complex wavefield scattered by the two objects is first reconstructed by stepping the camera to multiple distances along the optical axis, using the single-beam multiple-intensity reconstruction (SBMIR) algorithm [13] . The separation of the transmission functions of the two objects is then achieved by translating the textile with respect to the hidden object and via a stitching procedure ordinarily used in synthetic aperture imaging. After detailing the imaging geometry, the reconstruction procedure is described in Section 2. In Section 3, we present reconstructions of the hidden objects with a variable number of shifted images, taken either across a regular square grid or at random positions. Lateral and depth resolution are also investigated. Alternative implementations, a comparison with ptychographic imaging, as well as potential applications will be discussed in Section 4, before a brief summary concludes the paper in Section 5.
METHODS
The geometry of the experiment is shown in Fig. 1 . A coherent and collimated beam propagates through an object, represented here as a nine-spoked Siemens star. The transmitted wavefront illuminates a second object, represented as a periodic structure, placed at a distance u from the first object and hiding it from the camera field of view. Finally, the intensity of the resultant diffraction pattern is recorded by the camera at a distance v 1 downstream of the second object. We describe the interaction of each object with the corresponding incident wavefront with the socalled "multiplicative approximation," i.e., as a point-wise multiplication of the illumination function and the object transmission function at the object plane. This holds true if the thickness of the objects is much lower than wρ∕λ, where w is the size of the beam impinging on each object, ρ is the imaging resolution, and λ is the wavelength [14] . Furthermore, assuming that a planar wavefront of unit amplitude impinges on the hidden object, the two-dimensional complex wavefield at the camera plane reads
Here x ≡ x, y, denotes convolution, · represents point-wise multiplication, hx; L is the convolution kernel associated with the forward (L > 0) or backward (L < 0) propagation of monochromatic, electromagnetic radiation to a parallel plane a distance jLj apart, sgn is the sign function, and ox and tx are the two-dimensional, complex transmission functions of the first and second objects, respectively, with t standing for "textile," as a fabric sample will be used in the experiments detailed in the next section. Despite that, no assumptions on the spatial distribution of the objects are made.
We aim at reconstructing both ox and tx, by translating one object across the other one by the amounts x j , j 1, 2, …, N xy , while keeping their longitudinal distance u unchanged, such that the set of wavefields at the camera plane reads as follows:
We note that the problem is formally identical to ptychography [15] , where in our case ox hx; u plays the role of the illumination function, and tx − x j represents the shifted object transmission function. The key to the success of a ptychographic algorithm is to provide sufficient transverse translational diversity in the diffraction patterns, while maintaining enough redundant information to permit the iterative phase retrieval. This is achieved either with an illumination function smaller than the object, which is translated to positions with relative linear overlaps in the range of 60%-80% [16] , or with an illumination function larger than the object (near-field ptychography [17] ) and structured on a length scale comparable with the diffraction fringes produced at the detector plane. Although the latter implementation requires fewer diffraction patterns, care must be taken in choosing the diffuser used for structuring the wavefront incident onto the object, as a wrong choice may prevent the algorithm from converging. In the current formulation described by Eq. (3), whether the first or second mentioned case applies depends on the transmission properties of the unknown object ox.
To bypass these complications, we implemented an alternative reconstruction technique, relying on two steps. First, each of the complex wavefields exiting the second object ψ j x ≡ ox hx; u · tx − x j , termed "exit waves," is iteratively reconstructed from a set of N z diffracted intensities along the z axis at different distances v k , k 1, 2, :::, N z , from the second object, following the SBMIR procedure [13] . Second, a stitching algorithm is applied in order to reconstruct the individual transmission functions ox and tx from the knowledge of the applied shifts. Thus the complete dataset is written as
In the next subsections, the two steps will be detailed.
A. THz SBMIR Phase Retrieval
The SBMIR phase retrieval algorithm was conceived as a nonholographic solution to the phase problem [13] . It entails reconstructing a complex wavefront from the modulus of its diffraction pattern measured at P locations. For each of the M locations where it has to be reconstructed, with M ≤ P, both its amplitude and phase have to be determined; thus the number of unknowns is 2M . This requires the number of equations P and the number of unknowns to satisfy 2M ≤ P, therefore making the problem underdetermined by a factor 2 in the worst case, where P M . The idea behind the SBMIR algorithm is to increase P by a factor N z upon recording a set of N z diffraction patterns at parallel planes along the optical axis, where typically N z > 2. With reference to Eq. (4), the diffracted amplitudes A jk x ≡ jΨ jk xj as well as the propagation distances v k are assumed to be known. The reconstruction of each ψ j x is initiated by a starting guess as an estimate of the solution and proceeds according to the following steps: (i) the current estimate of the unknown wavefield is numerically propagated to the first recording plane at the distance v 1 ; Fig. 1 . Setup and summary of the implemented reconstruction technique. A collimated laser beam coming from the left impinges on a hidden object (here a Siemens star) and a cover object (here a schematic textile) at the distance u and with transmission functions ox and tx, respectively. The intensity of the complex wavefield Ψ jk x is recorded with a camera at multiple distances v k from the cover object. This stack of diffraction patterns allows reconstructing the complex wavefields exiting the cover object ψ j x. By shifting the cover object by the amounts x j , the two transmission functions are retrieved.
(ii) the computed diffraction pattern is corrected by applying the so-called "intensity constraint," which consists of replacing the calculated amplitude with the experimental one, i.e., A j1 x, while keeping the phase unchanged; (iii) the corrected wavefield is then propagated to the next recording plane at v 2 , where the intensity constraint is applied by using A j2 x; (iv) step (iii) is repeated for all the remaining recording planes at v k and using A jk ; (v) once all the diffracted intensities have been used once, the corrected wavefield propagated back to z u represents the current estimate of ψ j x. The steps above are repeated a predefined number of iterations, or until a suitable error metric becomes lower than a chosen threshold.
Although originally demonstrated in the visible range, the SBMIR algorithm can be migrated to the THz regime without fundamental changes. However, as already pointed out for THz ptychography [18, 19] , the increase of the wavelength by almost three orders of magnitude implies Fresnel numbers on the order of ∼10, making the far-field approximation not applicable. This also plays a role in the choice of the recording distances, which is further detailed in Supplement 1 along with a study on the lateral resolution of the reconstructions.
B. Separation of the Transmission Functions of the Objects from their Translations
Once all the exit waves ψ j x have been reconstructed, the transmission functions of the two objects are retrieved through a procedure based on a stitching operator similar to the one used in synthetic aperture THz off-axis digital holography, where several holograms acquired at translated detector positions on the xy plane and stitched together synthesize a larger detector [20] .
Our method relies on approximating the set of measurements from Eq. (3) as a synthetic aperture experiment, where the transmission function tx is acquired under N xy viewing angles, and is sampled by N xy strongly non-uniform illumination functions, represented by the wavefield ox propagated to z u and translated by the amounts x j . Upon proper selection of x j and N xy , the diffraction fringes of the illumination function are washed out through averaging, enabling the reconstruction of tx. Therefore, we estimate the amplitude and the phase of tx by stitching the amplitude and phase of all the ψ j x, respectively:
where ϕ t x and ϕ ψ j x denote the phases of tx and ψ j x, respectively, and S N xy j1 is the stitching operator acting on the set of N xy exit waves (defined in Supplement 1). It is noteworthy that shifts between adjacent images on the order of λ are enough to average out the smallest diffraction fringes scattered by the first object at the distance u. This implies a large overlap between consecutive images, leading to an increase of the signal-to-noise ratio as high as ffiffiffiffiffiffiffi ffi N xy p in the pixels measured N xy times. As an additional benefit, such shifts allow us to average out diffraction effects associated with optics and camera edges, which are often an issue when imaging with coherent THz radiation [21] .
The final step consists of extracting the transmission function of the hidden object from Eq. (3) as follows:
Here, hi j stands for the average over all the images taken at different positions of the second object. Note that the average operation, although not strictly necessary, helps mitigate potential "divide-by-zero" cases, which may arise when dividing by tx − x j , as well as errors in the estimation of the shifts applied to tx prior to division in Eq. (6).
EXPERIMENTAL RESULTS
The described procedure was experimentally tested with a cw laser at THz wavelengths on a pure amplitude and a pure phase object hidden behind a fabric sample. The cw THz source was an optically pumped, far-infrared gas laser (FIRL100, Edinburgh Instruments, Livingston, Scotland), operating at λ 96.5 μm (3.1 THz) from a rotational transition in CH 3 OH molecules. The pure amplitude object was a metallic nine-spoked Siemens star with an inner diameter of 4 mm [ Fig. 2(a1) ] and a thickness of 0.1 mm, with no transmission through its metallic parts. The pure phase object was a polypropylene (PP) slab with a thickness of 2 mm, where three intersecting rings of 2.1 mm outer diameter and 1.5 mm inner diameter were laser ablated with depths ranging from 37 to 234 μm (see Fig. 2(a2) , showing the wrapped phase map simulated with λ 96.5 μm and a refractive index n PP 1.51 [22] ). The same resolution test objects were used to assess the performance of other coherent reconstruction techniques in the THz range [18, 23] . A 0.2-mm-thick glass fabric sample featuring a plain weave pattern, eight warp ends per centimeter, and 6.5 warp picks per centimeter (available from Suter Kunststoffe AG, Fraubrunnen, Switzerland) was used as the cover object. The intensity of the complex fields of Eq. (4) was recorded with an uncooled microbolometer camera based on amorphous silicon and featuring 480 × 640 pixels on a pixel pitch of 17 μm (Gobi-640-GigE, Xenics, Leuven, Belgium). Because it is mainly sensitive to infrared radiation, the incoherent contributions from the environment at room temperature were subtracted by modulating the THz beam with a shutter. For both the amplitude and the phase object, N z 5 diffraction patterns were recorded by stepping the camera along the z axis with shifts Δz 1 mm. The SBMIR algorithm was started with a flat distribution in both amplitude and phase as an initial solution and further improved with 200 iterations. At each camera position, transversely different diffraction patterns were acquired while moving the textile on the xy plane across a two-dimensional square grid of N xy 20 × 20 400 equidistant points with steps of 76 μm (≈0.8λ). The left-hand side of Fig. 2 shows the reconstructed hidden amplitude object [ Fig. 2(b1) ] and textile [ Fig. 2(c1) ] after the separation procedure. The optimum reconstruction distances u and v 1 were retrieved by optimizing the lateral resolution of the reconstructed hidden object, as can be seen in Fig. 3 . Here the presence of several good reconstruction distances around u, v 1 coordinates satisfying u v 1 ≈ 8.6 mm is caused by both the intrinsic depth of focus of the imaging system and the neglected thickness of the textile, as a consequence of the multiplicative approximation. For the results shown on the left-hand side of Fig. 2 , we chose u 3.1 mm and v 1 5.5 mm (indicated with a red star in Fig. 3) . A lateral resolution of about 140 μm (≈1.5λ) was estimated, close to the theoretical resolution limit of the Research Article SBMIR reconstruction of a corresponding unhidden simulated object, performed with the same reconstruction parameters as our experiments (see Supplement 1). A comparable resolution was obtained with lower values of N xy . Figure 4 shows reconstructions using 22 (left), 50 (middle), and 100 (right) exit waves randomly chosen from the 400 exit waves used for the reconstructions displayed in Fig. 2 . With N xy 100 exit waves, the lateral resolution is around 170 μm (≈1.8λ).
In cases where the hidden object is smaller than the cover one, the most peripheral regions of the diffraction patterns will only bear information on the shifted tx − x j . There one can perform cross-correlation between neighboring intensities to extract the positions x j , thus obviating the need for their a priori knowledge. Figures 2(d1) and 2(e1) show the reconstructions obtained by retrieving the transverse shifts of the N xy 400 diffracted intensities. Overall, an average error of about 50 μm was made in the estimation of each absolute position x j .
Nevertheless, neither the lack of knowledge of the shifts nor the impossibility to extract them prevents reconstructing the hidden object. Performing the stitching operations described in Eqs. (5(a) ) and (5(b)) with vanishing shifts washes out the amplitude and phase modulations imposed by the textile, thereby revealing the hidden object [ Fig. 2(f1) ]. The worse resolution is explained by the fact that averaging a quasi-periodic pattern, like the one of the textile, is not as efficient as averaging a non-periodic one. Amplitude and phase modulations may be left Fig. 3 . Lateral resolution of the hidden amplitude object reconstructed at multiple u, v 1 distances (u, distance between the two objects; v 1 , textile-camera distance). The red star indicates the reconstruction distances used for the results on the left-hand side of Fig. 2 and in Fig. 4 .
N xy = 22
N xy = 50 N xy = 100 Unknown shifts Research Article after stitching on the background, since an integer number of textile periods will be summed up only accidentally. The corresponding reconstructions of the pure phase object are shown on the right-hand side of Fig. 2 . A close look at the reconstructed textile [Figs. 2(c2) and 2(e2)] makes it clear that the pattern along y is more visible than the one along x. We ascribe this feature to a polarization effect imposed by the textile fibers, which preferentially transmit THz radiation whose polarization is perpendicular to their direction. A comparison with an image of the textile taken with a microscope [ Fig. 2(g2) ] shows that the reconstructed fibers are oriented along x, consistently with an incident polarization along y. Owing to a lower scattering compared to the amplitude object, here the absolute positions of the textile were retrieved with an average error as low as 17 μm (1 camera pixel). All the features of the phase object were successfully reconstructed. The phase resolutions Δϕ, estimated with the standard deviation of the reconstructed phase inside the top and bottom rings, where it is supposed to be uniform, are 0.30 rad, 0.31 rad, and 0.67 rad with known, extracted through crosscorrelation, and unknown shifts, respectively. These translate to depth resolutions Δd λΔϕ∕2πn PP − 1 of 9.0, 9.2 (≈λ∕10), and 20 μm (≈λ∕5), respectively.
DISCUSSION
The implemented reconstruction technique consists of the combination of a known phase retrieval algorithm and a method for the separation of the transmission functions of the objects. The complex exit waves were reconstructed with the SBMIR algorithm, where the redundant information from diffraction patterns collected at multiple object-detector distances makes the phase problem solvable in an iterative fashion. However, such an algorithm can be replaced by any other phase retrieval approach, be it iterative or not. For instance, a holographic approach, where an off-axis reference beam is superimposed to the exit wave, would obviate the need for the longitudinal scan and reduce the measurement time. As a drawback, the setup would not allow reconstructing objects with size similar to the detector size with high resolution, since the off-axis reference beam must not interact with the object [19] .
As already anticipated, our technique bears a resemblance to ptychography, in that transverse shifts are used to reconstruct two transmission functions. Moreover, analogously to standard ptychographic algorithms, multiplicative approximation is assumed when modeling the interaction between the two transmission functions. As a result, the first and second objects (or, in the ptychographic analogy, the illumination function and the object transmission function) can be interchanged without modifying the mathematical formulation of the problem. (See also Supplement 1, showing the reconstruction of the amplitude and phase objects and the textile hidden behind them.)
On the other hand, the fundamental difference between the two reconstruction procedures is that, while in ptychography the shifts are the source of redundancy and diversity for solving the phase problem, here they only serve as a means to separate the transmission functions, once their product is known from phase retrieval. Since neither starting guesses of the solutions nor fine tuning of the update parameters are needed, our method is overall computationally simpler than ptychography, at the expense of a somewhat more complicated experimental setup needed to perform the preliminary phase retrieval. Therefore we believe that thorough comparisons between the two techniques are worthwhile.
A fabric sample was chosen as one of the two objects because of the potential application of this technique to security imaging and imaging through wound casts, where seeing through textiles is a crucial requirement. Although an easier case was considered here, as a transmission setup was employed, we can already claim that several features of our method are suited to this use. First, relative shifts of the two objects on the order of or larger than the THz wavelength naturally occur in such cases. Second, the algorithm can account for random displacements of the textile. Third, such shifts need not be known, because they can be either retrieved or neglected if one is interested in reconstructing the hidden object only, thus suggesting that fly-scan imaging is also achievable.
Interestingly, potential applications go beyond the use of THz radiation and reconstructions through quasi-periodic objects, since no assumptions on the two unknown transmission functions have been made. For instance, Wu et al. [24] reported a method to simultaneously reconstruct a multiple scattering medium and an object hidden behind it within the multiplicative approximation, using a set of diffraction patterns collected by longitudinally stepping the camera. In order to identify a shiftinvariant point-spread function, they required the hidden object to be placed within the angular speckle correlation range of the multiple scattering medium. Our approach could be an alternative technique. Although the number of required diffraction patterns must be increased by a factor of N xy , no speckle correlations are needed, thus allowing more relaxed experimental constraints in terms of the field of view, the size of the objects, and their distance. Such results would represent a significant step towards imaging through biological tissues, which are the most relevant examples of multiple scattering media. In this perspective, one can foresee reconstructing hidden objects, such as tumor masses, along with their surrounding environment of healthy tissue.
CONCLUSIONS
A coherent imaging technique reconstructing a scattering object and an object hidden behind it was described, working in two steps. First, the complex exit wave diffracted by the two stacked objects was reconstructed through a phase retrieval procedure. Second, a set of relative transverse shifts between the two objects was introduced, and a stitching algorithm was implemented to separate the two transmission functions, where a multiplicative interaction was assumed between them. Its experimental demonstration was performed at THz wavelengths on a glass fabric sample hiding a pure amplitude and a pure phase object. For the former, we showed that the obtained lateral resolution is compatible with the resolution of a simulated and unhidden amplitude object. The applied shifts were shown to be reliably retrievable through cross-correlation without any prior knowledge. Furthermore, analogies and differences from ptychography were outlined. Although a quantitative comparison is still needed, we believe that this technique can replace ptychography in some selected cases, e.g., where the experimental setup allows for an additional phase retrieval step through a longitudinal camera scan, or a reference arm. Potential applications are foreseeable in noninvasive imaging technologies, ranging from security imaging to the investigation of complex biological tissues.
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